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1. INTRODUCTION 
In the past ten years a great deal of work has been done on singular 
perturbation problems in partial differential [2-5, 12, 15-231. These are 
problems in which the order of the differential operator in the equation is 
reduced when some parameter E is set equal to zero. We shall call 
the perturbed problem the one in which E # 0 and the unperturbed problem 
the one in which E = 0. Since the orders of the differential operators are not 
the same, of fundamental importance is the question of which initial and/or 
boundary conditions should be retained in the unperturbed problem. 
Assuming that both perturbed and unperturbed problems are well posed 
in some function space, there are solutions u, and u,, of the two problems, 
respectively. One of the major concerns of most of the investigations has 
been to show that under appropriate conditions u, -+ u,, as E + 0 in the 
topology of the underlying function space. In general, the unperturbed 
problem is easy to solve while the perturbed problem is not easy to solve. 
Therefore, if one does not have explicit solutions to compare, the rate of 
convergence is not easy to determine. The work in this field has progressed 
generally along two different lines, (i) to apply the results in more abstract 
settings (operators and function spaces) and (ii) to apply the results to more 
general equations. Additional work needs to be done in the direction of 
finding representations of the solutions of the perturbed problems. 
The method of related differential equations [7-lo] opens up new avenues 
of approach in perturbation theory, which promises to raise the level of 
abstraction and add to the representation theory. In this paper, we shall 
illustrate the method by considering two problems for the equation 
EU:(t) + auc’(t) = Au,(t), 
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where the constant a > 0 and the operator A is the infinitesimal generator 
of some appropriate semigroup. If E > 0 the problem is hyperbolic, while 
if E < 0 the problem is elliptic. In the former case, the appropriate problem 
is the Cauchy problem (initial value problem) u<(O) = p, u,(O) = #, while 
in the latter case, it is the boundary value problem ~~(0) = q, u,’ unspecified. 
The character of the solutions in these two cases is quite different, although 
the method of solution is essentially the same. In the first case, we relate 
solutions of the generalized wave equation to solutions of the generalized 
heat equation. In the second case, we relate solutions of the generalized heat 
equation to solutions of the generalized Laplace equation. In each case, 
we obtain direct representations of the solution of the perturbed problem 
in terms of the solution of the unperturbed problem, can prove that u, -+ u,, 
as E --+ 0, and can investigate the rate of convergence. It is to be expected 
that as the field of related differential equations is developed, additional 
perturbation problems can be handled to advantage by this method. The 
subject of the degeneration of the Klein-Gordon equation to the Schrtiinger 
equation will be treated in another paper. 
We shall discuss the elliptic problem in detail in Section 2, since this 
result has not been treated by others (for special polynomial expansion of 
solutions see [18, 191). In Section 3 we shall sketch the proof for the hyper- 
bolic case. Here the setting is more abstract, the methods are different, but 
the results are the same as obtained in [5, 15, 20, 221. Nevertheless, this 
should serve to show how the method tends to unify the treatment of a 
variety of problems in perturbation theory. 
2. THE ELLIPTIC PROBLEM 
Throughout this paper X will denote a complete HausdorR barreled 
locally convex linear topological space defined over the field of real numbers. 
The topology of X is determined by a family of continuous seminorms 
9 = {p, Q, r,...] in the sense that a generalized sequence (fa> EX converges 
strongly to zero if, and only if, for every seminorm p E fl, p(f,) + 0. 
In this section, we consider the following boundary value problem: 
p(1) 
1 
-a:(t) + au,‘(t) = Au,(t), t > 0, 
E &(O) = (p> 9~ E D(AZ), 
where E > 0, a > 0, and A is the infinitesmal generator of a C, semigroup 
T(t) of type QJ, i.e., given any seminorm p ES there exists a constant K 
such that p( T(t)f) < Kt+ f or each f E X. We first must show that problem 
Pm is uniformly well posed in R+ = {t IO < t < ok} in the sense of c 
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Fattorini [ll], i.e., there exists a dense subspace D C X such that for every 
‘p E D there exists a unique solution u,(t) E D(A), which is twice continuously 
differentiable in w+ , which satisfies the differential equation, assumes the 
initial data v in the strong sense, and is continuously dependent on the data 
in the following sense: If {TV} is a generalized sequence converging to zero, 
then the corresponding solutionsu,,,(t) converge to zero uniformly on compact 
subsets of fT, . We can assume without loss of generality that a = 1. 
Otherwise the change of variable Q- = at will affect the change without 
altering any basic assumptions. 
We make the change of variable u,(t) = et/%(t). Then the problem for et 
becomes 
o”(t) = -(A/e) v(t) + (l/W w(t), t > 0, 
w(0) = p. 
Following the procedure of [8], we relate this problem to the following 
problem: 
w’(t) = (A/E) w(t) - (l/42) w(t), t > 0, 
w(O) = $4 
which becomes, upon making the change of variable t = ET, 
G’(T) = AfqT) - (l/k) 8(T), T > 0, 
G(O) = ‘p* 
Finally, if we let u,(t) = et/&w(t), then u,,(t) satisfies 
%’ 0) = A%(q, t > 0, 
f%(O) = CD9 
and this is the unperturbed problem associated with I’:‘). Clearly this problem 
is uniformly well posed in R, , when ‘p E D(A2), and its solution is given by 
u,(t) = T(t)p 
The infinitesimal generator for the problem defining b(t) is A - (l/46)1; 
where I is the identity, and the solution operator is 
T(t) = eMtlkT(t), 
which is of type $0 for c sufficiently small. Therefore, by Theorem 6.1 [l], 
the problem defining o(t) is uniformly well posed in R+ and, hence, so is Pi’). 
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The relation between w(t) and w(t) is 
w(t) = ,,t,l,2 om e-t2/4ss-3/2w(s) ds, 
s 
and since G(T) = e-T/%,,(T) = w(~T), we have 
w(t) = (4n~l,2 om e-t2/4ss-3/2uO(s/E) e-s/4f2 ds, 
s 
&(t) = ,f$, om e-ta/4%-3/2~O(S/~) e-s/@ ds, 
s 
which gives us a direct representation of the solution of the perturbed problem 
in terms of the solution of the unperturbed problem. This expression can 
be simplified somewhat if we make the change of variable CJ = t(~/s)l/~. Then 
It should be noted that the polynomial solutions of Lo [18] can be obtained 
by inserting for zl,(t) the well known heat polynomials of Widder and 
Rosenbloom [24]. 
The proof of lim,,, u,(t) = q,(t) makes use of the fact that the kernel 
is a delta defining kernel which peaks around u = tllz. We first must show 
that 
s 
m k(t ,c,u)du = 1. 
0 
Clearly sr k(0, E, u) dcr = 1, and it is easy to show that the integral is 
independent of t. In fact, 
a * 
at, s 
k(t, E, U) do = (be+2 om e-(“-t/o)2/4f(1 - t/u2) da 
I 
e-b-t/o)a/4~( 1 - $3) d,, 
zzz 
0, 
since a change of variable s = t/u in the second part shows that it is the 
negative of the first part. 
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u,(t) - u,(t) = l/(m~)‘/” 6 e-(“-tlo)2’4E[UO(t2/a2) - z+,(t)] da. 
Then, since liia+,tl,a u,(t2/a2) = u,(t) uniformly on compact subsets of i?+ , 
given a seminorm p ES, and an q > 0, there exists a 6 > 0 such that 
Pbo(t2P) - %(Ol < ? 
for 1 u - t1j2 1 < 6. Then 
PM) - %(a < y2-” 44 E, 0) p[uo(t2b2) - u,(t)] da 
0 
E, 4 @o(t2/02) - u,(t)] do 
+ stLq4s k(tyl 7 4 p[Uo(t2b2) - u,(t)1 da 
The second integral is less than 7 sr k(t, E, u) da = 7. In the third integral 
we make use of the fact that there is a constant M such that 
~bo(t~b~) - u&)1 G M 
uniformly in u for P/s + 6 < u < co. Then 
s m k(t 3 tllZ+ri E> fJ) p[uo(t2/u2) - u,(t)] do 
as E -+ 0. A similar calculation, using the fact that p[uo(t2/cP)] Q Kpt2/oa, 
shows that the first integral goes to zero as E -+ 0. Since for every seminorm p, 
P[W - uo@ll + 0 
as E -+ 0, lim,, u,(t) = u,(t). 
We conclude the section by showing that 
u,(t) = u,(t) + Ok) 
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as E -+ 0. To this end we need to evaluate two integrals. The first of these is 
s 
m 
0 
e-+tloP14~ ($ _ g do = 0, 
To show this we make the change of variable (T = t/s in the first part. Then 
s 
co 
e-k7-tloP/4r ;du= tf= 
0 e- 
(s-tlsj214e ds. 
0 
The second integral we wish to evaluate is 
To show this we first evaluate 
which, by the change of variable o = t/s, is equal to 
e-(s-tls)a/4esZ & 
If we let z = u - t/u, then 
4~ = 2J/t - 2t. 
Therefore, J = t2 + 2ct, and the result follows upon expanding (t2/a2 - t)“. 
Recalling that uo(t) = Z’(t)q-, h w ere T(t) is the semigroup generated by 
A, if p E D(A2) then 
T(+J = T(t)p + T(t) A& - t) + s,’ (x - s) T(s) A$ ds, 
ff,(P/u2) - u,(t) = T(t) A&2/u2 - t) + qt, CT), 
where 
E(t, a) = ~t*‘ua (t2/02 - s) T(s) A29, ds. 
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Using the first of the two integrals evaluated above, we have 
q(t) - u,,(t) = (rc!jl,2 s om e-(“-tiu)*~~[ug(tz/uz) - u,,(t)] do 
where 0 < 6 < W. Let p be any seminorm. Then for fixed t there is a 
positive constant K such that 
p[E(t, 41 G ~((t2/~2) - e2 
in the interval (u j(Na - 6) < u < co}, while in the interval 
{u [ 0 < u < (P/2 - 6)) 
there is a constant M such that 
p[E(t, u)] < M(t2/cr2) ewt*@. 
Therefore, 
P[W - Ml1 G - 
t’b t2 
(T;,2 o 
s 
~ ewt2/o=e-b-t1u)8/4~ do 
f&r ($- - t)2e-(u-t/~)n/4~du. 
The second term has the value 2IGt while the first term is O(E) as E -+ 0, 
as we can easily verify by making the change of variable z = [t/u - u]/2#. 
3. THE HYPERBOLIC PROBLEM 
In this section, we consider the following initial value problem for the 
generalized telegraphist’s equation: 
p(2) -3) + q’(t) = A2f&), 
f i 
t > 0, 
u,(O) = 91, %‘(O) = $4 
where c > 0, a > 0, and A is the infinitesimal generator of an equicontinuous 
group U(t). We shall assume that the initial data v and I,A belong to D(A2), 
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the domain of Aa. We can, as before, assume without loss of generality that 
a = 1. We begin by showing that Pi” is uniformly well posed in R+ . 
We first make the following change of variable 
u,(t) = e-tb(t). 
The corresponding initial value problem for ZI is 
v”(t) = (AS/e) v(t) + (l/43) v(t), 
#) = v> v’(0) = p/2< + #. 
If A is the generator of an equicontinuous group, then so is B = A/&2. 
Hence, the differential equation is 
71” = (B2 + l/4+, 
and according to Fattorini [Ill this problem is uniformly well posed in i?+ 
and so is PJ2). 
We decompose v(t) into two parts as follows 
where vi = (A2/c + 1/4c2) v, , q(O) = y, q’(0) = 0, vi = (A2/c + 1/4r2) w2 ,
u2(0) = 0, v,‘(O) = cp/2~ + 4. Let 
where S,(t) and T,(t) are the continuous linear operators which map the data 
into the corresponding solutions. According to Fattorini [I I], S,(t) is of type 
<l/2<. Hence, given any seminorm p E 9 there exists a positive constant K 
such that p(S,(t)f) < Ke(r@)t for each f~ X. Then, since 
T,(t) = lot W) dr, 
p(TE(t)f) < St p(S,(r)f) dr < 2cKe(1/2c)t. 
0 
Hence, T,(t) is also of type <l/2< and the operators $(t) = e-t/2CSC(2) and 
PC(t) = e-t/26T6(t) are both of type GO. This shows that &(t)f and FG(t)f 
are bounded in X for each f E X, which shows that the operators are equi- 
continuous. 
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In terms of &(t) and Fe(t) the solution of the perturbed problem is 
We now wish to consider lim,,, u,(t). To this end we must get representations 
of $(t) and TJt). Consider the problem: V; = (B2 + b2) or, v,(O) = v, 
q’(0) = 0. We relate this problem to the simpler problem: Z’ = (B2 + b2),z, 
z(0) = 93. As shown in [7], we have 
w,(t) = t7rr’a98-l{s-1’%( 1/4s)),,,* , 
where ~3;‘{F(s)},,~t denotes the inverse Laplace transform with t2 the 
variable of the inverse transform. Now z(t) = eb%(t) where I is the solution 
of I’ = B2Z, f(0) = q. Hence, 
w,(t) = t,1’2y~-1(ebe’4sS-1’2~(1/4S)}s~t2 . 
Now using the fact that the solution of zi?” = B%, , &(O) = v, &jr(O) = 0 is 
zcl( t) = tTrl’2.q-y-l’2f( 1/4s)},,,z 
and that 
98-1(eb2/4s)s+T = 8(T) + (b/2)11(bT1’a)/r1’a, 
where 8(r) is the Dirac delta functional and I,(x) is the modified Bessel 
function of order one, it is easy to show that 
Similarly, if we consider the problem wi = (B2 + b2) w2 , “a(O) = 0, 
w,‘(O) = g, we have 
w2(t) = (@/2) s?-1{s-3’3z( l/4s)>,,,z 
= (7+12/2) $Ps1{ebeJ4ss-3~2i?( 1 /4s)}s+t2 
where C2(t) is the solution of 6: = B2zZ2 , eZ2(0) = 0, e?r2’(0) = g. Finally, 
we put b = l/26, B2 = A2/r, g = (~12~ + #, and we have 
tip(t) = e-t/2E[C$(t) + fZ2(t)] 
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where in terms of the group u(t) generated by A 
zqt> = $[ u(tp2) + U(-t/&2)]lp, 
zqt) = * 1’ [U(r/w”) + u(-+‘*][9/2E + I)] dr. 
0 
We shall show that 
hi e-t/2bl(t) = Quo(t), 
lii e-t’2b,(t) = duo, 
where us(t) is the solution of the unperturbed problem uo’ = A2u, , u,(O) = ‘p. 
In fact, we shall show that for any serninorm p E S, p[&(t) - u,(t)] = O(E), 
as l + 0, which establishes the rate of convergence. 
We first note that the terms &/%Zr(t) and e-t&&,(t) are zero in the limit 
as z -+ 0. For every seminorm p’ there exists a seminorm 4 such that 
p(e-t/2%l(t)) < e-t/2r dd’), 
p(e-t~2%z(t)) < te-t/2’q(cp/2c + #). 
For each t > 0 these estimates are clearly O(E) as E -+ 0. This makes it clear 
that the principal contribution is from the terms involving the integral. 
The next step is to show that, to within terms O(E), we may neglect the 
integration over the interval (u 1 t( 1 - l ) < u < t} and in the remaining 
interval we may use the asymptotic expansion 
I,(x) - e5/(27rx)1/2 
for the Bessel function. After making the change of variable o = &%, 
we have that 
lii e-t%r(t) = lim e--t’2F j 
ta-.)/a’~~ ew2rmre*/t*P” 
HO (4mt)l'2 (1 - es2/ty 
W,(s) & o 
where W,(s) = eZ1(G12s) i  the solution of IV”(s) = A2W,(s), W,(O) = 9, 
W,‘(O) = 0, and is, of course, independent of E. Using a relation given in 
[7] and [ll], we have that 
&o(t) = (4&” I 
ao 
0 e- 
sa’4t W,(s) ds, 
and finally we show that 
s 
tw-r)lr”* 
e-t12c 
ew2.)kswP’~ 
0 (1 - ,ss/rs)a’” 
W,(s) ds - irn e-B*/4tWl(s) ds 
is O(E) as E + 0, using the equicontinuity of the group U(t). 
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Similarly, we show that 
Ul-r) l&2 
li+i ~+~b,(t) = lim 
e-t12f 
I‘ 
Se(t/2~)(1-~sa/t8)“* 
HO (4.7&3)1/2 
d’%p%) ds. 
o (1 - ,sa/ta)s’Q 
Now 
,14j2(,1/2,) zzz & 
I 6w4 + UC--PM942 + 4dT 0 
It is now clear that the term T(S)(+) will contribute a term O(E) as E --f 0. 
This shows explicitly why the unperturbed problem does not depend on $. 
Let W2(t) = T(t)(~/2). Then W:(t) = A2W2(t), W,(O) = 0, Wa’(0) = q42, 
and from a relation given in [6] 
-$uo( t) = (h:3)I,2 
s 
omse-sa’4t W,(s) ds. 
The final step is to show that 
s 
t(l--r)/E’/2 
e-t/2c 
Se(t/2r)(1-rse/t2)1’2 
(1 - ,sa/ts)s’4 JJ’20) ds - jam 
se--+Jat W,(s) ds 
0 
is O(E) as E -+ 0. This completes the proof leaving out some of the technical 
details. 
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